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Abstrat
We study the Selmer variety assoiated to a anonial quotient of the Qp-pro-unipotent fun-
damental group of a smooth projetive urve of genus at least two dened over Q whose Jaobian
deomposes into a produt of abelian varieties with omplex multipliation. Elementary multi-
variable Iwasawa theory is used to prove dimension bounds, whih, in turn, lead to a new proof
of Diophantine niteness over Q for suh urves.
Let X/Q be a smooth proper urve of genus g ≥ 2 and b ∈ X(Q) a rational point. We assume
that X has good redution outside a nite set S of primes and hoose an odd prime p /∈ S. In earlier
papers ([14℄, [15℄, [16℄, [17℄, [18℄), a p-adi Selmer variety
H1f (G,U)
was dened and studied, with the hope of applying its struture theory to the Diophantine geometry
of X . Here, G = Gal(Q¯/Q),
U = π
Qp,un
1 (X¯, b)
is the Qp-pro-unipotent étale fundamental group of
X¯ = X ×
Spe(Q) Spe(Q¯),
and the subsript f refers to a olletion of loal `Selmer onditions,' arving out a moduli spae of
torsors for U on the étale topology of Spe(Z[1/S, 1/p]) that satisfy the ondition of being rystalline
at p.
The Selmer variety is atually a pro-variety onsisting of a projetive system
· · ·→H1f (G,Un+1)→H1f (G,Un+1)→· · ·→H1f (G,U2)→H1f (G,U1)
of varieties over Qp assoiated to the desending entral series ltration
U = U1 ⊃ U2 ⊃ Un ⊃ Un+1 = [U,Un] ⊃ · · ·
of U and the orresponding system of quotients
Un = U
n+1\U
that starts out with
U1 = V = TpJ ⊗Qp,
the Qp-Tate module of the Jaobian J of X .
As a natural extension of the map
X(Q) ✲ J(Q) ✲ H1f (G, V )
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visible in lassial Kummer theory, the Selmer variety is endowed with a system of unipotent Albanese
maps emanating from the points of X :
.
.
.
.
.
. H1f (G,U4)
H1f (G,U3)
❄
H1f (G,U2)
❄
X(Q) ✲
✲
✲
✲
H1f (G,U1)
❄
These maps t into ommutative diagrams
X(Q) ✲ X(Qp)
H1f (G,Un)
❄
lop
✲ H1f (Gp, Un)
❄
D
✲ UDRn /F
0
✲
involving the loal Selmer varieties H1f (Gp, Un) and their De Rham realizations U
DR
n /F
0
. Here, F 0
refers to the zeroth level of the Hodge ltration
UDR ⊃ · · · ⊃ F i ⊃ F i+1 ⊃ · · · ⊃ F 0
on the De Rham fundamental group UDR of X ×
Spe(Q) Spe(Qp). Reall that the De Rham funda-
mental group is dened using the Tannakian ategory of unipotent vetor bundles with at onnetions
on X×
Spe(Q) Spe(Qp) ([15℄, setion 1), and that the Hodge ltration F
−i
on UDR is the subvariety
dened by the ideal F i+1ADR in the oordinate ring ADR of UDR (lo. it. and [4℄). F 0UDR turns
out to be a subgroup. The ltration on ADR is dened over C using the (d, d¯) deomposition on
iterated integrals of dierential forms, but desends to any eld of harateristi zero [32℄. Here and
in the following, we will suppress from the notation the objet that the Hodge ltration lters when
the ontext provides suient larity.
Diophantine motivations oblige us to study the loalization map D ◦ lop with some are. In fat,
one ould formulate the dimension hypothesis
dimH1f (G,Un) < dimU
DR
n /F
0 (DHn)
for eah n, and show that DHn for any xed n implies the niteness of X(Q) [15℄. Throughout this
paper, dimension will refer to that of algebrai varieties over Qp [14℄, although the dimensions of
various assoiated graded objets, e.g., Un/Un+1, are just the naive ones of Qp-vetor spaes. Given
any X , it seems reasonable to believe that DHn should be true for n suiently large [15℄.
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An eventual goal is to use the Selmer variety to arrive at a strutural understanding of the Diophan-
tine set X(Q), or at least some means of eetive omputation. The hope for eetive omputation
is assoiated with lassial method of Chabauty and Coleman [3℄, whih the study of the unipotent
Albanese map generalizes. The related issue of strutural understanding, on the other hand, should
onern an impliation of the form
ontrol of L-values ⇒ ontrol of Selmer varieties
following a pattern familiar from the theory of ellipti urves ([2℄, [25℄).
It should be admitted right away that our urrent intuition for the nature of suh an impliation
is in a very tentative state. Nevertheless, the ases studied previously of hyperboli urves of genus
zero and one seem to suggest that our expetations are not entirely without ground.
The purpose of the present paper is to augment our list of examples where something an be
worked out with the ase where J is isogenous over Q¯ to a produt
J ∼
∏
i
Ai
of abelian varieties Ai that have omplex multipliation by CM elds Ki of degree 2dimAi. For this
disussion we hoose the prime p to further satisfy the ondition that p is split in the ompositum K
of the elds Ki, and hene, in eah eld Ki.
Let QT be the maximal extension of Q unramied outside T = S ∪ {p,∞} and GT = Gal(QT /Q).
Now let
W = U/[U2, U2]
be the quotient of U by the third level of its derived series and let
W = U/[U2, U2].
Of ourse W itself has a desending entral series
W = W 1 ⊃W 2 ⊃ · · · ⊃Wn+1 = [W,Wn] ⊃ · · ·
and assoiated quotients Wn = W/W
n+1
.
Theorem 0.1 There is a onstant B (depending on X and T ) suh that
dim
n∑
i=1
H2(GT ,W
i/W i+1) ≤ Bn2g−1.
We will derive this inequality as a rather elementary onsequene of multi-variable Iwasawa theory.
The key point is to ontrol the distribution of zeros of a redued algebrai p-adi L-funtion of sorts,
namely an annihilator of a natural ideal lass group.
In aordane with the `motivi nature' of the onstrution, W also has a De Rham realization
WDR = UDR/[(UDR)2, (UDR)2]
over Qp, endowed with a Hodge ltration. The upper bound of theorem 0.1 ombines with an easy
linear independene argument for suiently many elements in (WDR)n/(WDR)n+1, yielding a lower
bound for the De Rham realization
WDRn /F
0
of its loal Selmer variety. We obtain thereby the easy but important orollary:
Corollary 0.2 For n suiently large, we have the bound
dimH1f (G,Wn) < dimW
DR
n /F
0.
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Of ourse, this implies:
Corollary 0.3 (Faltings' theorem, speial ase.) X(Q) is nite.
For expliit examples where the hypothesis is satised, we have of ourse the Fermat urves
xm + ym = zm
for m ≥ 4 ([26℄, VI, Satz 1.2, Satz 1.5), but also the twisted Fermat urves
axm + bym = czm
for a, b, c,∈ Q \ {0}, m ≥ 4. One might hope (optimistially) that the methods of this paper will
eventually lead to some eetive understanding of these twists. Some relatively reent examples of
hyperellipti urves with CM Jaobians an be found in [30℄. One from the list there is
y2 = −243x6 + 2223x5 − 1566x4 − 19012x3 + 903x2 + 19041x− 5882
whose Jaobian has CM by
Q(
√
−13 + 3
√
13).
The results here onlude the rude appliation of Selmer varieties to niteness over Q in situations
where the ontrolling Galois group of the base is essentially abelian. It remains then to work out
the appropriate interation between non-ommutative geometri fundamental groups and the non-
ommutative Iwasawa theory of number elds.
Of ourse, as far as a rened study of dening ideals for the image of D ◦ lop is onerned, work
of any serious nature has not yet ommened. In this regard, we note that there is little need in this
paper for spei information about the annihilator that ours in the proof of theorem 0.1. However,
it is our belief that struture theorems of the `Iwasawa main onjeture' type will have an important
role to play in eventual renements of the theory.
1 Preliminaries on omplex multipliation
Let F/Q be a nite extension with the property that the isogeny deomposition
J ∼
∏
i
Ai
as well as the omplex multipliation on eah Ai are dened over F . We assume further that F ⊃
Q(J [4p]), so that F∞ := F (J [p
∞]) has Galois group Γ ≃ Zrp over F . Denote by GF,T , the Galois
group Gal(QTF/F ).
As a representation of GF,T , we have
V := TpJ ⊗Qp ≃ ⊕iVi
where
Vi := TpAi ⊗Qp.
Let m be a modulus of F that is divisible by the ondutor of all the representations Vi. Eah fator
representation
ρi : GF,T→(Ki ⊗Qp)∗ ⊂ Aut(Vi)
orresponds to an algebrai map
fi : Sm→ResKiQ (Gm),
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where Sm is the Serre group of F with modulus m ([29℄, II) and Res
Ki
Q is the restrition of salars
from Ki to Q. That is, there is a universal representation (op. it. II.2.3)
ǫp : GF,T→Sm(Qp)
suh that
ρi = fi ◦ ǫp : GF,T ✲ Sm(Qp) ✲ ResKiQ (Gm)(Qp) = (Ki ⊗Qp)∗.
Sine we have hosen p to split in eah Ki, we have
Res
Ki
Q (Gm)⊗Qp ≃
∏
[Gm]Qp .
Eah of the algebrai haraters
fij = prj ◦ ρi : [Sm]Qp ✲ [ResKiQp (Gm)]Qp ≃
∏
[Gm]Qp
prj
✲ [Gm]Qp
orrespond to Galois haraters
χij = fij ◦ ǫp : GF,T→Q∗p
in suh a way that
ρi ≃ ⊕jχij .
Reall that Sm ts into an exat sequene
0→Tm→Sm→Cm→0
with Cm nite and Tm an algebrai torus (op. it. II.2.2). Hene, there is an integer N suh that the
kernel and okernel of the restrition map on haraters
X∗([Sm]Qp)→X∗([Tm]Qp)
is killed by N . On the other hand, X∗([Tm]Qp) is a nitely generated torsion free abelian group. Let
{β′1, . . . , β′d} be a basis for the subgroup of X∗([Tm]Qp) generated by the restritions fij |[Tm]Qp as
we run over all i and j. Then the set {(β′1)N , . . . , (β′d)N} an be lifted to haraters {β1, . . . , βd} of
[Sm]Qp so that eah f
N2
ij is a produt
fN
2
ij =
∏
k
β
nijk
k
for integers nijk. For ease of notation, we will now hange the indexing and write {f1, . . . , f2g} for
the set of fij and {χi}2gi=1 for the haraters of GF,T that they indue. We have shown that there are
integers nij suh that
fN
2
i =
∏
j
β
nij
j .
Thus, if we denote by ξi the harater
βi ◦ ǫp : GF,T→Q∗p,
then
χN
2
i =
∏
j
ξ
nij
j .
Lemma 1.1 The haraters ξi are Zp-linearly independent.
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Proof. The image of the map ǫp : GF,T→Sm(Qp) ontains an open subgroup Om of Tm(Qp) ([29℄
II.2.3, Remark). Suppose ∏
ξaii = 1
for some ai ∈ Zp as a funtion on GF,T (and, say, the hoie of p-adi log suh that log(p) = 0). Then
∏
i
βaii = 1
as a funtion on Om. Sine the βi|[Tm]Qp = (β′i)N are Z-linearly independent, for eah j, there exists
a oharater
cj : [Gm]Qp→[Tm]Qp
suh that βi ◦ cj = 1 for i 6= j and
βj ◦ cj : [Gm]Qp→[Gm]Qp
is non-trivial, and hene, an isogeny. But c−1j (Om) is an open subgroup of Q
∗
p. Hene, it ontains an
element of the form x = 1+ pnu, with n > 0 and u ∈ Z∗p. Therefore, c = βj(cj(x)) ∈ 1 + pZp also has
innite order and caj = 1. Therefore, we get aj = 0. ✷
Sine the kernel of
ρ = ⊕jρj = ⊕2gi=1χi
is the same as that of ξ := ⊕di=1ξi, ξ maps Γ isomorphially to a subgroup of ⊕di=1(1 + pZp) of nite-
index. After enlarging F if neessary, we an assume that there is a basis {γ1, . . . , γd} for Γ suh that
ξi(γj) = 1 for j 6= i and ξi(γi) is a generator for ξi(GF,T ). Here, we abuse notation a bit and write ξi
for the harater of GF,T as well as that of the quotient group Γ that it indues.
In the following, for any harater φ, we will frequently use the notation `φ' for the one-dimensional
vetor spae Qp(φ) on whih GF,T ats via φ, as well as for the harater itself. Choose a basis
B = {e1, e2, . . . , e2g}
of V so that ei is a basis of Qp(χi). Write ψi for the dual of χi.
Note that over F , the abelian variety J has good redution everywhere [28℄.
2 Preliminaries on dimensions
For a (pro-algebrai) group or a Lie algebra A, we dene the desending entral series by
A1 = A; An+1 = [A,An]
and the derived series by
A(1) = A; A(n+1) = [A,A(n)].
The orresponding quotients are denoted by
An := A/A
n+1
and
A(n) := A/A
(n+1).
Also, we denote by
Zn(A) := A
n/An+1
the assoiated graded objets so that we have an exat sequene
0→Zn(A)→An→An−1→0.
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Denote by
Z(A) :=
∞∑
n=1
Zi(A)
the assoiated graded Lie algebra, desribed in [27℄, II.1, in the ase of a group.
Aording to [23℄, Appendix 3, the Q-pro-unipotent ompletion of a nitely-presented disrete
group E an be onstruted as follows: take the group algebra Q[E], and omplete it with respet to
the augmentation ideal K:
Q[[E]] := lim←−
n
Qp[E]/K
n.
Sine the o-produt
∆ : Qp[E]→Qp[E]⊗Qp[E]
dened by sending an element g ∈ E to
g ⊗ g ∈ Q[E]⊗Q[E]
takes K to the ideal
K ⊗Q[E] +Q[E]⊗K,
there is an indued o-produt
∆ : Q[[E]] ✲ Q[[E]]⊗ˆQ[[E]] := lim←−n(Q[[E]]⊗Q[[E]])/(K ⊗Q[E] +Q[E]⊗K)
n.
The unipotent ompletion U(E) an be realized as the group like elements in Q[[E]]:
U(E) = {g ∈ Q[[E]] | ∆(g) = g ⊗ g}.
This turns out to dene the Q-points of a pro-algebrai group over Q. Its Lie algebra, LieU(E),
onsists of the primitive elements
LieU(E) = {X ∈ Q[[E]] | ∆(X) = X ⊗ 1 + 1⊗X}.
For any element g ∈ U(E),
log(g) = (g − 1)− (g − 1)2/2 + (g − 1)3/3− · · ·
denes an element of LieU(E), and an elementary omputation starting from
∆(g − 1) = (g − 1)⊗ 1 + 1⊗ (g − 1) + (g − 1)⊗ (g − 1)
shows that log(g) ∈ LieU(E). In fat, this map is a bijetion (lo. it.)
log : U(E) ≃ LieU(E).
When E is a topologially nitely presented pro-nite group, the Qp-pro-unipotent ompletion
UQp(E) is dened in an entirely analogous manner, exept that the group algebra Qp[[E]] is dened
somewhat dierently: First, let Epro−p be the maximal pro-p quotient of E, and let
Zp[[E
pro−p]] := lim←−
N
Zp[E
pro−p/N ],
where N runs over the normal subgroups of Eprop of nite-index, be its Iwasawa algebra. Then
Qp[[E]] = lim←−
n
[(Zp[[E
pro−p]]/Kn)⊗Qp],
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where K ⊂ Zp[[Epro−p]] again denotes the augmentation ideal. Then
UQp(E) ⊂ Qp[[E]]
and its Lie algebra are dened exatly as above. Consider the ategory Un(E,Qp) of unipotent
ontinuous Qp-representations of E, that is, nite-dimensional ontinuous representations
ρ : E→Aut(M)
that possess a ltration
M =M0 ⊃M1 ⊃M2 ⊃ · · ·
suh that eah M i/M i+1 is a diret sum of the opies of the trivial representation. We see that U
ating on the left on Qp[[E]]/K
n
turns the system {Qp[[E]]/Kn} into a pro-objet of Un(E,Qp).
Given any pair (M,m) where M is a ontinuous unipotent Qp-representation of E and m ∈M , there
is a unique map of pro-representations
(Qp[[E]], e)→(M,m)
where e ∈ Qp[[E]] omes from the identity of E, making the pair (Qp[[E]]/Kn, e) universal among
suh pairs. Therefore, if we let
F : Un(E,Qp) ✲ VetQp
be the forgetful funtor from the ategory of unipotent ontinuous Qp-representations of E to the
ategory of nite-dimensional Qp-vetors spaes, the map
f 7→ fe ∈ Qp[[E]]
denes an isomorphism
End(F ) ≃ Qp[[E]].
Meanwhile, the ondition of being group-like orresponds to the ompatibility with tensor produts
[5℄, so that we have
UQp(E) = Aut
⊗(F ),
the tensor-ompatible automorphisms of F .
Sine it will be our main objet of interest, we denote simply by U the Qp-pro-unipotent ompletion
of the pro-nite fundamental group πet1 (X¯, b) of X¯ with base-point at b. Fix a rational tangent vetor
v ∈ TbX , and let X ′ = X \ {b}. Let
U ′ := π
Qp,un
1 (X¯
′, v),
the Qp-pro-unipotent ompletion of the pronite fundamental group of X¯
′
with tangential base-point
at v as dened in [4℄. These groups ome with orresponding Lie algebras L′ =: LieU ′ and L := LieU .
Let
Un(X¯,Qp)
be the ategory of unipotent lisse sheaves on the étale site of X¯. Then the ber funtor
Fb : Un(X¯,Qp)→VetQp ,
whih assoiates to any sheaf F its stalk Fb, fators through the tensor equivalene of ategories
Un(X¯,Qp) ≃ Un(πet1 (X¯, b),Qp) F→ VetQp ,
so that we also have
U = Aut⊗(Fb).
Similarly,
U ′ = Aut⊗(F ′b),
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where
F ′b : Un(X¯
′,Qp)→VetQp
is again the ber funtor dened by stalks.
As explained in [11℄, Appendix A, there are natural isomorphisms
U ′ ≃ U ′B ⊗Qp
and
U ≃ UB ⊗Qp,
where U ′B and UB denote the Q-unipotent ompletions of the topologial fundamental groups π
′ =
π1(X(C), v) and π = π1(X(C), b) of X
′(C) and X(C). (Appendix A of op. it. is reommended
in general for bakground on pro-unipotent ompletions, while its setion 2 ontains a nie disus-
sion of pro-algebrai groups.) Therefore, L′B =: LieU
′
B, and LB := LieUB also satisfy omparison
isomorphisms
L′ ≃ L′B ⊗Qp
and
L ≃ LB ⊗Qp.
The natural maps
π′ ✲ U ′B
and
π ✲ UB
indue isomorphisms
Z(π′)⊗Q ≃ Z(U ′B)
and
Z(π)⊗Q ≃ Z(UB).
(See, for example, [1℄, Prop. 1.2. In that referene, real oeients are used. But this obviously
implies that same result for Q-oeients.) On the other hand, the bijetions
log : U ′B→L′B
and
log : UB→LB
take ghg−1h−1 to [log g, log h] modulo higher ommutators by the Baker-Campbell-Hausdor formula
([27℄, Chap. 4). Hene, there is a bijetion of the desending entral series ltrations on the two
sides, and the brakets agree modulo terms of higher order. Therefore, the log map also indues
isomorphisms
Z(U ′B) ≃ Z(L′B)
and
Z(UB) ≃ Z(L′B),
this time respeting the brakets. From this, we also get
Z(π′)⊗Qp ≃ Z(L′)
and
Z(π)⊗Qp ≃ Z(L).
It follows from this that Z(L′) is the free Lie algebra on 2g generators. Hene, L′ is free on
generators obtained from any lift of a basis for (L′)1 = V . That is, we an take a lift S˜ of any basis
S for V , then the map
F (S˜)→L′
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from the free Lie algebra on S˜ to L′ indues isomorphisms
F (S˜)/F (S˜)n ≃ L′/(L′)n
for eah n, and hene, an isomorphism
F (S˜) := {F (S˜)/F (S˜)n}n ≃ L′
of pro-Lie algebras. (See, for example, [11℄, appendix A again.) As generators for L′, we take a lifting
B˜ = {e˜1, · · · , e˜2g} of the basis B above. The orresponding isomorphism from F (B˜) to L′ puts on L′
the struture of a graded pro-Lie algebra
L′ = ⊕∞n=1L′(n)
in suh a way that
(L′)n = ⊕∞i≥nL′(i).
We warn the reader that this grading is not ompatible with the Galois ation. Sine there appears
to be little danger of onfusion, we will denote the elements e˜i by ei again and the generating set B˜
by B.
By [19℄, the natural map
π′→π
indues an isomorphism
(Z(π′)⊗Q)/R¯B ≃ Z(π)⊗Q
for a Lie ideal R¯B generated by the lass of a single element c :=
∏
i[ai, bi] ∈ (π′)2, expressed in terms
of a set of free generators {a1, . . . , ag, b1, . . . , bg} for π′. Consider the natural map
p : L′→L.
We have ω := log(c) ∈ Ker(p), and the preeding disussion implies that
L′/R ≃ L,
where R is the losed ideal generated by ω, sine there is indued an isomorphism of assoiated graded
algebras.
For the struture of N := LieW , we have therefore
N ≃ L′/[I +R],
where
I = (L′)(3) = [[L′, L′], [L′, L′]].
Aording to [24℄, we an onstrut a Hall basis for L′ as follows. First, we order B so that ei < ej
if i < j. This is, by denition, the set H0. Now dene Hn+1 reursively as the brakets of the form
[. . . [h1, h2], h3], . . .], hk]
where k ≥ 2, hi ∈ Hn, and
h1 < h2 ≥ h3 ≥ · · ·hk.
Now hoose a total order on Hn+1. Finally, put H = ∪iHi and extend the order by the ondition
h ∈ Hi, k ∈ Hj , i < j ⇒ h > k.
Symbolially,
H0 > H1 > H2 > · · · .
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In fat, it is shown that ∪i≥nHi is a Hall basis for the subalgebra
(L′)(n+1).
In partiular, it follows that the elements of H1 are linearly independent from (L
′)(3), whih is gener-
ated by ∪i≥2Hi. Furthermore, the basis onsists of monomials, so that H(i) := H ∩ L′(i) is a basis
for L′(i). Dene Hn(i) := Hn ∩ L′(i) so that H(i) = ∪nHn(i). We thus get a bigrading
L′ = ⊕L′(i, n),
where L′(i, n) is the span of Hn(i).
Denote by N ′ the Lie algebra
(L′)(2) = L
′/I.
Then
Lemma 2.1 For n ≥ 2, the set H1(n), onsisting of Lie monomials of the form
[[. . . [ei1ei2 ]ei3 ] . . .]ein ],
where i1 < i2 ≥ i3 ≥ · · · ≥ in, is linearly independent from
(L′)(n+1) + I.
Proof. We have the bigradings
I = ⊕∞i=1 ⊕j≥2 L(i, j)
(L′)(n+1) = ⊕i≥n+1 ⊕∞j=1 L(i, j),
from whih it is lear that (L′)(n+1)+ I is the sum of L′(i, j) where (i, j) runs over the pairs suh that
j ≥ 2 or i ≥ n+ 1. Thus, H1(n) is linearly independent from it. ✷
Corollary 2.2 The image [H1(n)] of H1(n) in N
′
n is a basis for Zn(N
′).
The elements of H1(n) for n ≥ 2 an be ounted by noting that there are
(
2g
2
)
possibilities for the
braket [ei1 , ei2 ], while for eah suh braket, the ardinality of the non-inreasing (i3, i4, . . . , in) with
i3 ≤ i2 is (
(n− 2) + (i2 − 1)
i2 − 1
)
=
(
n− 3 + i2
i2 − 1
)
.
So we nd the following dimension formula:
Corollary 2.3 For n ≥ 2,
dimZn(N
′) =
2g∑
i=1
(i− 1)
(
n− 3 + i
i− 1
)
.
Proof. This follows immediately from the previous disussion together with the observation that for
any index i, there are i−1 possibilities for the braket [ej, ei] at the beginning of an element of H1(n).
✷
We would like to understand the dimension of Zn(N). Although it would be elementary work out
a preise formula, we need just a reasonable estimate for our purposes. That is, we need to estimate
the dimension of
Zn(N
′)/[Zn(N
′) ∩ Im(R)],
where Im(R) refers to the ideal in N ′n generated by the image of ω (whih we will again denote by ω).
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For an ordered olletion of elements v = (x1, x2, . . . , xm) ∈ Bm and an element y ∈ L′, dene
adv(y) := [[. . . [y, x1], x2], . . . , xm]
Note that if y ∈ (L′)2 and v′ is a re-ordering of v, then
adv(y)− adv′(y) ∈ I
Thus, for y ∈ (L′)2, we have
adv(y) ≡ ad
ord(v)(y) mod I
where ord(v) is the unique reordering of v for whih the omponents are non-inreasing. Hene, any
x ∈ R ∩ L′(n) has an expression as a linear ombination
x ≡
∑
i
ciadvi(ω) mod I,
where vi runs through elements of B
n−2
with non-inreasing omponents. The number of suh vi is(
n− 2 + 2g − 1
2g − 1
)
=
(
n− 3 + 2g
2g − 1
)
,
whih therefore gives an upper bound on the dimension of Im(R) ∩ Zn(N ′).
Lemma 2.4 For n ≥ 2,
dimZn(N) ≥ (2g − 2)
(
n− 3 + 2g
2g − 1
)
+
2g−1∑
i=1
(i− 1)
(
n− 3 + i
i− 1
)
3 Proofs
We refer to [14℄ and [15℄, setion 2, for general bakground material on Selmer varieties. Reall that
H1f (G,Wn) ⊂ H1(GT ,Wn)
onsists of the ohomology lasses orresponding to Wn-torsors that are unramied outside T and
rystalline at p. So a bound for H1(GT ,Wn) will be a bound for H
1
f (GT ,Wn) as well.
We will use again the exat sequene
0→H1(GT , Zn(W ))→H1(GT ,Wn)→H1(GT ,Wn−1)
as in op. it. and a bound for the dimension of H1(GT , Zn(W )). There is, as usual, the Euler
harateristi formula [12℄ that redues over Q to
dimH0(GT , Zn(W ))− dimH1(GT , Zn(W )) + dimH2(GT , Zn(W )) = dim[Zn(W )]+ − dim[Zn(W )]
= −dim[Zn(W )]−,
where the signs in the supersript refer to the ±1 eigenspaes for the ation of omplex onjugation.
Beause Zn(W ) has weight n, we see that the H
0
-term is zero for n ≥ 1, from whih we get
(EC) dimH1(GT , Zn(W )) = dim[Zn(W )]
− + dimH2(GT , Zn(W )).
Note that if T ′ ⊃ T , then
dimH1(GT ′ ,Wn) ≥ dimH1(GT ,Wn).
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The Euler harateristi formula then shows that
dimH2(GT ′ ,Wn) ≥ dimH2(GT ,Wn)
as well. Therefore, in our disussion of bounds, we may inrease the size of T to inlude the primes
that ramify in the eld F . In partiular, we may assume that F ⊂ QT so that
GF,T ⊂ GT ,
a subgroup of nite index.
Proof of theorem 0.1 Sine there is a onstant in the formula, we an assume n ≥ 3. Furthermore,
by the surjetivity of the orestrition map
H2(GF,T , Zn(N))→H2(GT , Zn(N)),
we may onentrate on bounding H2(GF,T , Zn(N)). As in [17℄, we onsider the loalization sequene
0→X2(Zn(N))→H2(GF,T , Zn(N))→⊕v|T H2(Gv, Zn(N)),
where Gv = Gal(F¯v/Fv). For the loal terms, we have Tate duality
H2(Gv, Zn(N)) ≃ (H0(Gv, Zn(N)∗(1)))∗.
For v ∤ p, sine J has good redution, the ation of Gv on Z
∗
n(N)(1)) is unramied. But then, for
n ≥ 3, Zn(N)∗ has Frobenius weight ≥ 3, while Qp(1) has Frobenius weight -2. Therefore,
H0(Gv, Zn(N)
∗(1)) = 0.
For v|p, we use instead the fat ([7℄, theorem 5.2) that
H0(Hv, Zn(N)
∗(1)) = HomMF (φ)(F
nr
v , Dcris(Zn(N)
∗(1))).
Here, Fnrv is the maximal absolutely unramied subextension of Fv and Dcris(·) = ((·) ⊗ Bcris)Gv
is Fontaine's rystalline Dieudonné funtor applied to rystalline Gv-representations, while MF (φ) is
the ategory of admissible ltered φ-modules over Fnrv (op. it., setion 5.1). Sine eah harater ψi
ours inside H1et(J¯ ,Qp), we know that Dcr(ψi) ours inside the rystalline ohomology H
1
cr(J,Qp)
([8℄). But then, if the residue eld of Fv is of degree d over Fp, φ
d
again has positive weights on
Dcris(Z
∗
n(N)(1)) ([13℄). Therefore, H
0(Gv, Z
∗
n(N)(1)) = 0. It follows that
H2(Gv, Zn(N)) ≃X2(Zn(N)) ≃ [X1(Zn(N)∗(1))]∗
by Poitou-Tate duality ([20℄, theorem 4.10), where X
1(Zn(N)
∗(1)) is dened by the exat sequene
0→X1(Zn(N)∗(1))→H1(GF,T , Zn(N)∗(1))→⊕v|T H1(Gv, Zn(N)∗(1)).
Now, the group Γ = Gal(F∞/F ) is the image of GF,T inside Aut(J [p
∞]), and Zn(N)
∗(1), being a sum
of tensor produts of the haraters ψi = χ
∗
i and Qp(1), is a diret summand of (V
∗)⊗n(1). Hene,
by Bogomolov's theorem (as in op. it. Lemma 6.20, Lemma 6.21),
H1(Γ, Zn(N)
∗(1)) = 0.
Therefore, using the Hohshild-Serre sequene, we get
H1(GT , Zn(N)
∗(1)) ⊂ HomΛ(XT , Zn(N)∗(1))
for
Λ := Zp[[Γ]] ≃ Zp[[T1, T2, . . . , Td]]
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and XT = Gal(KT /F∞), the Galois group of the maximal abelian pro-p extensionKT of F∞ unramied
outside T . Here, Ti = γi − 1 for free generators γi of Γ hosen as in setion 1 so that ξi(γj) = 1 while
ξi(γi) is a generator for the image of ξi(GF,T ). The ondition of belonging to the kernel of the
loalization map will, in any ase, imply
X
1(Zn(N)
∗(1)) ⊂ HomΛ(M,Zn(N)∗(1)) = HomΛ(M(−1), Zn(N)∗),
where M = M ′/(Zp − torsion) for the Galois group M ′ = Gal(H ′/F∞) of the p-Hilbert lass eld
H ′ of F∞. (Of ourse, we ould take an even smaller Galois group.) Aording to [9℄, M
′
, and
hene M , is a torsion Λ-module. (That referene states this in the ase where F∞ is replaed by the
ompositum of all Zp-extensions of F , but the proof learly applies to any Z
r
p-extension.) Aording to
a lemma of Greenberg ([10℄, Lemma 2), there is a subgroup P ⊂ Γ suh that Γ/P ≃ Zp and M is still
nitely generated over Zp[[P ]]. Consequently, as explained in op. it., page 89, if we hoose a basis
{ǫ1, . . . , ǫd−1} for P and omplete it to a basis of Γ using an element ǫd that maps to a topologial
generator of Zp, then in the variables Si = ǫi − 1, we an take the annihilator to have the form
f = b0(S1, . . . , Sd−1) + b1(S1, . . . , Sd−1)Sd + · · ·+ bl−1(S1, . . . , Sd−1)Sl−1d + Sld
for some power series bi. Furthermore, by approximation, we an hoose the ǫi to be of the form
ǫi = γ
ni1
1 · · · γni,dd
for integers nij . That is, if the original P involved p-adi powers nij , we an approximate them by
integral n′ij that are p-adially lose, dening another subgroup P
′
. If the S ⊂ M is a generating set
as a Zp[[N ]] module, then we see that Zp[[P ]]S = Zp[[P
′]]S mod pM , and hene, that Zp[[P
′]]S = M
as well.
We know that Zn(N) is generated by the image of H1(n). So Zn(N)
∗
is a subspae of the GF,T -
representation given as the diret sum of the one-dimensional representations
ψi1 ⊗ ψi2 ⊗ ψi3 ⊗ · · · ⊗ ψin ,
where ii run over indies from {1, 2, . . . , 2g} suh that
i1 < i2 ≥ i3 ≥ · · · ≥ in.
So this is of the form
⊕i<2g[ψi ⊗ ψ2g ⊗ Symn−2(V ∗)]⊕Kn
where
dimKn ≤
(
2g
2
)(
n− 2 + 2g − 2
2g − 2
)
= O(n2g−2).
Therefore, the representation
⊕ni=3Zi(N)∗
is of the form
⊕i<2g[ψi ⊗ ψ2g ⊗ (⊕n−2i=1 Symi(V ))] +Rn
where Rn has dimension ≤ An2g−1 for some onstant A. Clearly, dimH2(GT , Rn) ≤ A′n2g−1 for
another onstant A′. So we need to nd a good bound for
HomΛ(M(−1),⊕i<2g[ψi ⊗ ψ2g ⊗ (⊕n−2i=1 Symi(V ))]).
We use the multi-index notation
ψα = ψα11 ψ
α2
2 · · ·ψα2g2g
for a multi-index α = (α1, . . . , α2g) ∈ N2g. The weight of the multi-index α is denoted |α| :=
∑
i αi
so that
Sym
i(V ) = ⊕|α|=iψα.
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If a omponent
HomΛ(M(−1), ψi ⊗ ψ2g ⊗ ψα) = HomΛ(M(−1)⊗ χi ⊗ χ2g, ψα)
is non-zero, then we must have
ψα(fi) = 0.
where
fi := f(ci1S1 + ci1 − 1, · · · , ci,dSd + ci,d − 1)
= bi0(S1, . . . , Sd−1) + b
i
1(S1, . . . , Sd−1)Sd + · · ·+ bil−1(S1, . . . , Sd−1)Sl−1d + clidSld,
for some power series bij and units cij := ψi(Sj+1)ψ2g(Sj+1), is in the annihilator ofM(−1)⊗χi⊗χ2g.
We wish to estimate how many zeros eah fi an have on the set {ψα | |α| ≤ n− 2}.
There are independent elements {φi} in the Z−lattie of haraters generated by the ξi suh that
φi(ǫj) = 1 for i 6= j and
ξi = φ
mi1
1 · · ·φmi,dd
for a nonsingular matrix (mij) with entries mij ∈ (1/M ′)Z for some xed denominator M ′ ∈ Z ∩ Z∗p.
Therefore, by the disussion in setion 1, we have
ψi = φ
qi1
1 · · ·φqi,dd
for a (2g)× d integral matrix D = (qij) of rank d having entries in (1/M)Z for some xed integer M .
Given a multi-index α, we then have
ψα = φαD,
with αD denoting the matrix produt. For |α| ≤ n− 2, we nd the bound
|αD| ≤ (n− 2)(2g)|D|,
where |D| = max{|qij |}. Now, for eah multi-index
δ = (δ1, . . . , δd) ∈ [(1/M)Z]d
suh that
|δ| ≤ (n− 2)(2g)|D|,
we need to ount the ardinality of the set
Lδ = {α ∈ N2g | δ = αD, |α| ≤ n− 2}.
If we x one α ∈ Lδ, the map α′ 7→ α′ − α will injet Lδ into the set of µ = (µ1, . . . , µ2g) ∈ Z2g suh
that µD = 0 and supi |µi| ≤ (n− 2). The rst ondition denes a lattie inside a Eulidean spae of
dimension 2g − d while the seond ondition denes a xed ompat onvex body (independent of n)
inside this spae dilated by a fator of n − 2. Thus, there is a onstant C depending on the onvex
body suh that |Lδ| ≤ C(n− 2)2g−d. Now we turn to the number of δ for whih
φδ(fi) = 0
and |δ| ≤ (n − 2)(2g)|D|. The oeients power series bij depend only on (δ1, . . . , δd−1), whih runs
over a set of ardinality
2g(n−2)M|D|∑
i=1
(
i+ d− 2
d− 2
)
.
This is the number of lattie points in d − 1 dimensional spae that are ontained inside a simplex
with verties at the origin and at the points
(0, . . . , 0, 2g(n− 2)M |D|, 0, . . . , 0).
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This number is learly majorized by the number of lattie points inside the ube
[0, 2g(n− 2)M |D|]d−1,
that is,
(2g(n− 2)M |D|+ 1)d−1.
For eah suh (δ1, . . . , δd−1), there are at most l d-tuples δ = (δ1, . . . , δd−1, δd) suh that φ
δ(f) = 0.
We onlude that the number of δ suh that |δ| ≤ 2g(n − 2)M |D| and δ(f) = 0 is bounded by
l(2g(n− 2)M |D|+1)d−1. Therefore, the number of zeros of eah fi on {ψα | |α| ≤ n− 2} is bounded
by
C(n− 2)2g−dl(2g(n− 2)M |D|+ 1)d−1 ≤ An2g−1
for some onstant A. For eah suh zero α, the dimension of
HomΛ(M ⊗ χi ⊗ χ2g, ψα)
is bounded by the number of generators m of M . From this, we dedue the desired asympototis
dimHomΛ(M(−1),⊕i<2g[ψi ⊗ ψ2g ⊗ (⊕n−2i=1 Symi(V ))]) ≤ mAn2g−1.
✷
Proof of orollary 0.2. For the rough estimates relevant to this paper, we will nd useful the
elementary fat that (n+ a)b = nb +O(nb−1) for any xed onstant a and exponent b.
We need to nd lower bounds for the dimension of the loal Selmer variety. We have the De Rham
realization
WDR := UDR/(UDR)(3),
where UDR is the De Rham fundamental group of X⊗Qp with base point at b. We denote by (U ′)DR
the De Rham fundamental group of X ′ with basepoint at v ([4℄, [15℄). Sine
(U ′)DR ⊗ Cp ≃ U ′ ⊗ Cp,
([21℄, [22℄) we see that
(L′)DR = Lie(U ′)DR
is also free, and we an estimate dimensions exatly as in setion 1. For example, as in Lemma 1.3,
dimZn(W
DR) ≥ (2g − 2)
(
n− 3 + 2g
2g − 1
)
so that
n∑
i=3
dimZi(W
DR) ≥ 2g − 2
(2g)!
(n− 2)2g.
We need to estimate the ontribution of F 0(Zn(W
DR)). For this, we let {b1, . . . , bg, . . . , b2g} be
a basis of (L′)DR1 suh that {b1, . . . , bg} is a basis for F 0(L′)DR1 . This determines a basis HDR =
∪nHDRn for (L′)DR following the reipe of setion 1. There are also orresponding bases for LDR,
(N ′)DR := Lie[(U ′)DR/[(U ′)DR](3)], and a generating set for NDR, exatly as in the disussion of
setion 1. The Hodge ltration on
(L′)DR1 = [H
1
DR(X
′ ⊗Qp)]∗
is of the form
(L′)DR1 = F
−1(L′)DR1 ⊃ F 0(L′)DR1 ⊃ F 1(L′)DR1 = 0.
Hene, for an element
[[. . . [bi1 , bi2 ], bi3 ], . . .]bin ]
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of HDR1 (n) to lie in F
0[Zn((L
′)DR)], all of the bi must be in F
0(L′)DR1 . Thus, the dimension of
F 0[Zn((N
′)DR)], and hene, of F 0[Zn(W
DR)] is at most
(
g
2
)(
n+ g − 3
g − 1
)
.
From this, we get the estimate
dim
n
i=3F
0(Zi(W
DR)) ≤ cng
for some onstant c. Therefore, we see that
(∗) dimWDRn /F 0 = dimWDR2 /F 0 +
n∑
i=3
Zi(W
DR) ≥ (2g − 2)
(2g)!
n2g +O(n2g−1).
Now we examine the dimension of the minus parts Zn(W )
−. For this, it is onvenient to arry out
the Hall basis onstrution with yet another generating set. We hoose B′ = {f1, . . . , fg, . . . , f2g} so
that {f1, . . . , fg} and {fg+1, . . . , f2g} onsist of the plus and minus 1 eigenvetors in V , respetively.
Clearly, dimZn(N
′)− will majorize dimZn(W )
−
. Furthermore, as disussed above, Zn(N
′) = Sn+Rn
where Sn is the span of
[. . . [fj , f2g], fi3 ] . . . , fin ]
for j < 2g and nondereasing (n− 2)-tuples (i3, . . . , in), while dimRn = O(n2g−2). Now, [fj , f2g] is in
the minus part for j ≤ g and in the plus part for j ≥ g+1, while the ontribution of the (n− 2)-tuple
will be as Sym
n−2(V ).
That is,
dimS−n = gdimSym
n−2(V )+ + (g − 1)Symn−2(V )−.
But
Sym
n−2(V ) = ⊕i[Symi(V +)⊗ Symn−2−i(V −)]
of whih we need to take into aount the portions where n − 2 − i is even and odd respetively, to
get the positive and negative eigenspaes.
For n odd, we easily see that the plus and minus parts pair up, giving us
dimSym
n−2(V )− = dimSymn−2(V )+ = (1/2)dimSymn−2(V ) = (1/2)
(
n− 3 + 2g
2g − 1
)
.
From this, we dedue that for n odd,
dimS−n = (1/2)(2g − 1)
(
n− 3 + 2g
2g − 1
)
.
On the other hand, if n is even, then there is the embedding
Sym
n−2(V )→֒Symn−1(V )
v→v · f1
that preserves the plus and minus eigenspaes. Hene,
dimSym
n−2(V )+ ≤ dimSymn−1(V )+ = (1/2)
(
n− 2 + 2g
2g − 1
)
= (1/2)n2g−1/(2g − 1)! +O(n2g−2)
and
dimSym
n−2(V )− ≤ dimSymn−1(V )− = (1/2)
(
n− 2 + 2g
2g − 1
)
= (1/2)n2g−1/(2g − 1)! +O(n2g−2).
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Therefore, for any n, we have
dimS−n ≤ (1/2)(2g − 1)n2g−1/(2g − 1)! +O(n2g−2).
and
dimZn(N)
− ≤ (1/2)(2g − 1) n
2g−1
(2g − 1)! +O(n
2g−2).
We dedue immediately that
n∑
i=1
Zi(N)
− ≤ (1/2)(2g − 1) n
2g
(2g)!
+O(n2g−1).
Combining this inequality with the lower bound (*), theorem (0.1), and the Euler harateristi
formula (EC), we get
dimH1f (G,Wn) < dimH
1
f (Gp,Wn)
for n suiently large. ✷
Remark: Note that in the omparison of leading oeients,
(1/2)
2g − 1
(2g)!
<
2g − 2
(2g)!
exatly for g ≥ 2.
Proof of orollary 0.3
By [15℄, setion 2, and [6℄, there is an algebrai map
D = Dcr : H
1
f (Gp, U)
✲ UDR/F 0
sending a U -torsor
P = Spe(P)
to
Spe(Dcr(P)) = Spe(P ⊗Bcr)Gp ,
an admissible UDR torsor, that is, a UDR-torsor with a ompatible Frobenius ation and a redution
of struture group to F 0UDR ([15℄, setion 1).
We wish to dedue an analogous map for W . But [21℄ and [22℄ give an isomorphism
L⊗Bcr ≃ LDR ⊗Bcr
ompatible with the Lie algebra struture as well as the usual Galois ation, φ-ation, and Hodge
ltration. In partiular,
L(3) ⊗Bcr ≃ (LDR)(3) ⊗Bcr,
and hene,
N ⊗Bcr ≃ NDR ⊗Bcr.
Therefore,
Dcr(N) = N
DR
and
Dcr(W ) =W
DR.
There is thereby an indued map
D : H1f (Gp,W )
✲ WDR/F 0
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following verbatim the onstrution for U and UDR as in [15℄, setion 2. That is, as in [15℄, Proposition
1 of setion 1, WDR/F 0 lassies admissible torsors for WDR, and the map assigns to a W -torsor a
WDR-torsor, exatly following the reipe for U and UDR.
Now orollary (0.3) also follows verbatim the argument in [14℄, setion 2, and [15℄, setion 3, by
using the diagram
X(Q) ✲ X(Qp)
H1f (G,Wn)
❄
✲ H1f (Gp,Wn)
❄
✲ WDRn /F
0
✲
.
for n suiently large. We need only note that the map
]y[→WDRn /F 0
from any residue disk ]y[⊂ X(Qp) to WDRn /F 0 has Zariski dense image, sine the same is true of
]y[→UDRn /F 0
and the map
UDRn /F
0→WDRn /F 0
is surjetive. ✷
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